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Complex numbers

What are complex numbers and how can they help us
in (Electronic) Engineering?
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Z=X+1y ex.2-—I

[>=-1
X = Re(2)
j=v-1 y = Im(2)
Im
Visualization:

a
4 e
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Cartesian vs. Radial

IT | ""I"

y____x+.'y yf

0 xI > Re \g/ i x » Re
X =r cos(g) r=|z| = V(x3+y?)
y = r sin(o) ¢ = tan*(y/x)
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Examples

\{/ (9 — m ; — | — AiTt/2
0 ~—> Re r—l\ >%0+1/—e
i 1
(-1) (1) ~e
1=-1+0j=¢em™ 1=1+0/=¢€"
(-0)
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Adding and multiplying

= ' = ipl
z, =X, +ly, zZ =re
— ] — iQ2
Z,=X,+1Y, zZ,=r,e
z=z,+z,=X,+x,)+i{y,*Yy,) ISt
Add
— — . : 2,2,
Z=Z XZ,=X,+1y) XX, +1y) . 2
: =(xx,—-yy)ti(xy +xy)
Multiply be ié ‘ e 2 006,
2
— 0l @i92 — (@1+¢2)
r r,e®e r r,e
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Example 1

+1
What is V-1 ?
22 =-1 /2
: - >
=-1+0/=1xe" —1 I -2 +1
rr=1, 2¢ = 1t (mod 21)
-1

©=T1/2, r=%/1=1. z=cos(r/2) +isin(1t/2) =i
@ =-1/2,r=2/1=1: z=cos(-1t/2) + i SIN(-T1/2) = -i
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Example 2

A
+1
What is 3V-1 ? .
4
r 4
73 =1 ':
_ -— - - — - — = -
=-1+0/=1xe™ —1 “\‘ +1
‘
r*=1, 3¢ = 1t (mod 21) \.
—1
Y

=103, r=3%1=1: z=cos(r/3) +isin(T/3) =% + | ¥2V3
@ =-1/3,r=3/1=1: z=cos(-1t/3) + i sin(-1t/3) = Y5 - | ¥>V/3
p=m,r=%1=1. z=-1
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Iz| > 1 Iz| < 1
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Revision: Current of a capacitor

If O = C x V, then: changes of voltage cause changes of stored charge:
AQ = C x AV
How fast we do it matters
AQIAt = C x AVIAL

In the mathematical limit:

dQ/dt = C x dV/dt
But, the left side is the definition of current
| =C xdV/dt

Current in a capacitor is proportional to the speed of changes of the applied voltage
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Revision: Capacitance example

Volt, Current
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Time

0.6 0.8 1
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Current of a capacitor

I(t) = C x dV(1)/dt

V(t) = cos (wt)

I(t) = -wC sin (wi)
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Current of a capacitor

I(f) = C x dV(t)/dt

I(t) = C x dV/(t)/dt V(t) = cos (wt)
V() = cos (wt) I(t) = -wC sin (wt)
= Re[cos(wt) + i sin(wt)] ——

= Re[e™]

I(t) = C x d/dt [e™®] ?
= C X iw e
= C X I X [cos(wt) + I sin(wt)]
= C X W X [-sIn(wt) + | cos(wt)]

V(t) - Re[vcomplex(t)]
I(f) = Re[C dV

complex

(t)/di]
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The real world

V(t) - Re[\/complex(t):I
I(t) = Re[C dV/

complex

(t)/dt]

We can use complex numbers, but don't forget that
measurable quantities such as voltage and current are
always real!

Interesting things are never complex. Complex numbers
only help us in the calculations

Imaginary numbers are there to help us do the
bookkeeping
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Voltage and current in a sable danee

0 _ V(1)

(D K 7;\ S
ey

(-)

¢@(t) = wt

V/(t) = cos (wt)

I(f) = -C sin (wt)

Complex // IALP, P. Stallinga, MIEET UAIg 2011 15/23



'Resistance’ of a capacitor

Walit, it gets even better. What about Ohm's Law?

R =Vl
V(t) = e

I(t) = C X iw et

1
IWC

R.=VIl =

This complex 'resistance’ is called impedance
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Low frequencies:
For w = 211f = O: 'resistance’ Is Iinfinite: no current

High frequencies:
For w = 211f = o: 'resistance’ IS zero: short circuit
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Voltage divider

What is the voltage halfway?

Resistances in series: R=R, + R,

I=VIR=VI(R,+R)

R2 R

1

V,=0+IxR =V, 5 R
V1® | VO 1 2
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A simple filter

AMA—
0
[
O:D

| |
B
@

1/icoC 1
= R+ 1/iwC  iwRC + 1
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A simple filter

1
o - - .
o Vi T jwRC + 1 R

w=0:V/V=1

oo:oo:Vol\/i:O

w = 1/RC: V,JV, =
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A simple filter

V. = cos(wt) = Re[cos(wt) + i sin(wt)] = Re[e™]

w=0:V/V=1 - V =cos(wl) éR
V; oV,
w=0V/V=0 - V =0 L
1 —
w=1/RC: V[V = 1 - o[l - i] = (LWV2)e ™4
I

V. =Re[V./V x V]
= Re[(1/V2)e ™ e/] /
= (LV2)cos(wt - 11/4) ;

With frequency, amplitude is f
dropping and a delay Is

Introduced

- =23



 Complex numbers are a useful tool to make complex things
simple

* The real world is the real part of the calculations

* The imaginary part is only a tool to help us and has nothing
to do with reality

"Be rational
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